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Distance traveled by random walkers before absorption in a random medium

David S. Dean,* Clément Sire,* and Julien Sopik‘t
Laboratoire de Physique Théorique (UMR 5152 du CNRS), Université Paul Sabatier,
118, route de Narbonne, 31062 Toulouse Cedex 4, France
(Received 20 April 2006; revised manuscript received 17 May 2006; published 30 June 2006)

We consider the penetration length / of random walkers diffusing in a medium of perfect or imperfect
absorbers of number density p. We solve this problem on a lattice and in the continuum in all dimensions D,
by means of a mean-field renormalization group. For a homogeneous system in D>2, we find that
I~max(&,p~""2), where & is the absorber density correlation length. The cases of D=1 and D=2 are also
treated. In the presence of long-range correlations, we estimate the temporal decay of the density of random
walkers not yet absorbed. These results are illustrated by exactly solvable toy models, and extensive numerical
simulations on directed percolation, where the absorbers are the active sites. Finally, we discuss the implica-
tions of our results for diffusion limited aggregation (DLA), and we propose a more effective method to
measure / in DLA clusters.
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I. INTRODUCTION tance between absorbers. We place one absorber of radius a
in this box, and impose periodic boundary conditions, which
is equivalent to copying the box periodically. We now release
a random walker at time #=0. To estimate the typical time
when the walker will hit the absorber, we partition our box in
smaller boxes of size a”. The random walker will be ab-
sorbed with a finite probability once it has visited most of
these small cells, including in particular the one containing
n(r) ~ exp(= Cpp? P+PPID+2)) (1) the absorber. We define N(z) as the number of different sites
visited by a discrete random walker after a time ¢. Hence, a
fair estimate of the absorbing time 7. is given by

The dynamics of random walkers diffusing in the pres-
ence of a finite density of perfect absorbers is a rich problem
which has been widely discussed in the physical and math-
ematical literature [1]. At very large times, the density of
surviving walkers does not decay exponentially as a simple
mean-field argument would predict, but rather behaves as

where p is the absorber density, and Cj, is a numerical con-
stant. The physical interpretation is that the process is domi-
nated by particles starting in very large absorber-free regions L\P

(voids), of linear size L. In D dimensions, these regions have Np(ts) ~ <;> ~ (pa®)". (4)
a probability of order

During this time, the random walker has traveled a typical

_ D
exp(=pL), ) distance [ given by

for small p. In a void of size L, solving the diffusion equation —

with absorbing conditions on its surface shows that the den- I~ kt, (5)

sity typically decays as exp(—¢/L?). A saddle-point argument
then leads to the result of Eq. (1), with the relevant regions
being of typical size L~ (/p)"*+?), at time 1.

Another important question is the determination of the —

. . . VKt

penetration or screening length /, which measures the aver- N(@)~—, D=1, (6)
age distance between the starting point and the absorption a
point. In the limit of a small density of uniformly distributed

where « is the diffusion constant. We can use the classical
estimates for Np(¢) [4,5], which read

perfect absorbers of radius a, and for D>2, a classic result Kt
No(t) ~————-, D=2, 7
[2] states that »(1) 2 In(xt a2) (7)
1-D
~4— 3)
)

Kt
Np(t) ~—, D>2. (8)
However, a simple heuristic argument casts doubts on the a
validity of Eq. (3). In D dimensions, let us consider a hyper-

Finally, combining Egs. (4)—(8), we obtain the qualitative
cubic box of linear size L~ p~ /P, which is the typical dis- Y g Eas. (4-8) d

estimates
I~p™', D=1, )
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In the present work, we will justify on more solid theo-
retical grounds the results of Egs. (9)—(11). In Sec. II, we
introduce a general formalism in order to compute / and the
distribution of distances traveled before absorption. In Sec.
III, we define an exact renormalization group for the Green’s
function on a lattice. This recursion is solved using a mean-
field (or cavitylike) approximation and our result confirms
the estimates of Egs. (9)—(11). In the limit p—0, we also
address the effect of imperfect absorbers, which becomes
relevant in D>2. In Sec. IV, we extend this approach to the
continuum. We compute the distribution of the distances of
absorption and its first moments. The theory is found to be in
excellent agreement with numerical simulations in D=2 and
D=3. In Sec. V, we apply our renormalization approach to
the case of a strongly correlated distribution of absorbers,
characterized by a power law decay of the absorber density
correlation function, c(r) ~ =, up to the correlation length &.
For <2 and D>1 (and for <1, in D=1), the penetration
length is found to be of the same order as &, [~ & However,
for a>2, correlation are weak enough, so that the uncorre-
lated result of Egs. (9)—(11) is recovered. This result is illus-
trated by the exact solution of the problem in D=1, and
exactly solvable toy models in higher dimensions. In addi-
tion, we test our ideas on the strongly correlated distribution
of active sites in directed percolation simulations performed
at the critical point, in D=2 and D=3. Random walkers ab-
sorbed by the active sites are found to have a screening
length [~ &, whereas the uncorrelated result is recovered
above the critical dimension D.=4, when correlations be-
come irrelevant. As a conclusion of this section, we extend
the result of Eq. (1) to the case of a strongly correlated den-
sity of absorbers. In Sec. VI, we discuss the determination of
the screening length [ for diffusion limited aggregation
(DLA) clusters. We emphasize that the most common
method to measure / seems inappropriate and we propose an
improved scheme. Finally, we give some heuristic arguments
inspired by the results of the previous sections, leading to the
estimate /~ R, for DLA clusters of gyration radius R.

D>2. (11)

II. GENERAL BACKWARD FOKKER-PLANCK
FORMALISM

In a D-dimensional space, we consider a Brownian par-
ticle with diffusion constant . Let V(x) be a positive killing
field such that if the Brownian particle is at the position X,
then in the next time interval dt, it is killed with probability
V(x)dr. If the particle is not killed, it just keeps on diffusing.
We define P(x,y) as the probability density that, starting
from x, that the particle’s last resting place, i.e., where it is
killed or absorbed, is at y. The quantity P(x,y) can be cal-
culated by standard backward Fokker-Planck techniques. We
consider what happens in the first time step dt. One possibil-
ity, occurring with probability V(x)dr, is that the particle is
killed where it starts. The other possibility is that it is not
killed, this with probability 1—V(x)dt, and so can then make
a Brownian jump dB having a component in the spatial di-
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rection u, dB
together gives

P(x,y) = S(x—y)V(x)dt +[1 - V(x)dt|(P(x + dB,y)).
(12)

> obeying (dB,dB,)=2kd,,, dt. Putting this

Expanding to order dt, and taking the expectation value over
dB, we obtain

- KVP(x.Y) + VX)P(x.y) = Sx -y V(y).  (13)
The solution to Eq. (13) is given by
P(x,y) = G(x,y)V(y), (14)

where G is the Green’s function obeying
- kVG(x.y) + VX)G(xy) = 8x~y).  (15)

Note that the derivation of a probability density rather than a
probability always requires a bit of care and our above deri-
vation can be made more rigorous by defining an interval A
around the point y then computing the probability that the
particle is killed in A then taking the limit A— 0. One can
check that P is normalized as follows. Clearly the operator
acting on G in its defining equation Eq. (15) is self-adjoint,
which means that G(x,y)=G(y,x). Integrating Eq. (15) over
all x, and if the potential V is sufficiently strong, the first
term of Eq. (15) will give an irrelevant surface term. We thus
obtain

f dxV(x)G(x,y)=1. (16)

However G is symmetric which ensures that

f dyV(y)G(x,y) = f dyP(x,y) =1, (17)

and which demonstrates the correct normalization of P. To
further simplify this problem and reduce everything to the
study of the Green’s function, we write H(X,y)Z—KVi5(X
—y) and consider V as an operator, V(x,y)=8(x-y)V(y). Us-
ing operator notation, P is given by

P=H+V)'V=(H+V) ' (H+V-H)=I-(H+ V) 'H,
(18)

which reads, in coordinate notation,
P(x,y)=dx-y)+ KV;G(X,y). (19)

Now defining the disorder-averaged values of P and G by p
and g, respectively, we can write the averaged form of the
above equation for a translational invariant distribution of
absorbers

ply) = 8(y) + kV3g(y). (20)

If the disorder is isotropic, we will have p(y)=p(y), where
y=|y|, and likewise for g. The disordered averaged moments
of the distance traveled before the particle is killed are more
suitably obtained from p, the Fourier transform of p defined
as
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ﬁ(k):de exp(— ik - x)p(x). (21)

If we write the Fourier transform of g, g as

1

W= e s

(22)

where «2(k) is given by the one particle irreducible dia-
grams, we then obtain

(k)
p(k) = 23
Pl =77 S0 (23)
Now, for small k and to leading order, we expect that
2, 0K, 4
(k) =m™+ —k=+ 0", (24)
I

where m is the inverse effective screening length of the av-
eraged Green’s function and Sk is the renormalization of the
diffusion constant. The resulting small k expansion for p is

2
plk)=1- :? +0(kY), (25)

so if Y is the position where a particle released at the origin
is observed, then the disorder averaged second moment of Y
is simply given by

@= —. (26)

The characteristic distance from the starting position, I, at
which the particle gets absorbed is therefore the same as the
screening length for the Green’s function. We thus define

/
1= =22 (1)
m

On a discrete lattice, the same arguments apply and we
find that

p(y) = 8,0+ V3g(y), (28)

where V? denotes the lattice Laplacian. The discrete Fourier
transform of p is defined as

k) = 2 exp(~ ik - x)p(x), (29)
and is given by

Fk) =1+ (22 cos(k,) - 21)) 2(k), (30)
“

on a D-dimensional cubic lattice of lattice spacing a=1.
Now, if we write

1
op- 2> cos(k,) + % (k) '
s

g(k) (31)

we find the lattice result, analogous to Eq. (23),
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_ 2 (k)
p(k) = : (32)
2D -2, cos(k,) + 2(k)
M
The leading order behavior of % must be of the form
S(k) = m* + okk* + O(k*), (33)
thus yielding the lattice result
2D
l: \/ﬁ: —\m N (34)

which takes the same form as in the continuum. Interestingly,
we find that [ is not affected explicitly by the renormalization
of the diffusion constant Jk.

III. MEAN-FIELD RENORMALIZATION GROUP
CALCULATION ON A LATTICE

In this section, we will consider a model on the lattice Z”
(hence the lattice constant is a=1) with a potential Vy(x)
given by

N

N
V() =N 8o, = 2 Ui(X), (35)

i=1 i=1

where the a;’s are absorbing sites, with strength \, which are
uniformly and independently (in this first instance) distrib-
uted among all lattice sites. We denote by ) the total number
of lattice sites.

We now estimate the renormalization of the Green’s func-
tion Gy for a system with N absorbing sites by the addition
of an (N+1)th absorbing site. A similar method has been
introduced in Ref. [3] to calculate the effective diffusion con-
stant of a tracer particle in a medium composed of randomly
placed scatterers. We denote by ay,; the position of the
newly added absorber. In operator notation, and introducing
the discrete Laplacian H =—xV2, the discrete version of Eq.
(15) for Gy and Gy, leads to

(H+Vy)Gy=1, (36)

(H+Vy+ Uyni)Gyi =1 (37)
Eliminating H+Vy= G;,], we find
Gy'Grst + Uyt Gy = 1. (38)

After multiplying by Gy and using the explicit form of Uy, |,
we obtain in coordinates notation,

Gn:1(X,Y) = Gy(x,y) = NGy(X, a5, 1) G iy (Ay,,Y).
(39)

If we set x=a,,,, we obtain a closed form expression for
Gys1(ay,;,y), which can be substituted into Eq. (39). This
leads to the following exact recurrence:

AGy(x,ay,)Gylay,1.y)

G ) = Gu(x,y) — . (40
N1 (X,Y) (X, y) 1+ \Gylay,paye) (40)

Let us first consider the limit where the absorbing sites
kill the particle on contact with probability 1. This is
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achieved by taking the limit A — + and yields

Gy(x,ay,1)Gyay,1,y)
Gy(ay,1,ay,)

Grai(x.y) = Gy(xy) - . (4D

which describes the exact renormalization of the Green’s
function due to the addition of a perfect absorber.

If the perfect absorbers are independently distributed, the
position ay,; is completely uncorrelated with the a;’s, for i
=1,...,N. Averaging Eq. (41) over the position ay,;, but
ignoring the correlation between the numerator and the de-
nominator in the second term (a mean-field-like approxima-
tion), we obtain

E GN(X’a)GN(asy)

Grai(X,¥) = Gp(X,y) — — .42
N1 (X,Y) (X, y) EGN(a,a) (42)

We now perform the average over the remaining particle
positions. Using the statistical translational invariance of the
system, we find

> gn(X)gnly —x)

I x
gn+1(¥) =8n(y) — 5 (43)
’ v gn(0)
Taking the Fourier transform of this equation yields
_ _ o 1E3K)
gy (k) =gn(k) - = . (44)
T Vgn(0)

Defining the density p=N/V, we obtain a differential equa-
tion for the evolution of g(p,k) in this approximation

g Z(pk)
—(p.k) =~ , (45)
J (p,0)
where g(p,0) is self-consistently given by
T dk
,0) = —=2(p,k). 46
8(p,0) f_ﬂ (277)08(13 ) (46)

The solution to Egs. (45) and (46) with the correct boundary
conditions is

~1

Z(p.k) = K , 47
§pk) 2D -2 cos(k,) + s(p) “
n
where s(p) obeys
s _ f = 1 i (48)
dp - 2mPop_2> cos(k,) + s(p)
yn

As expected, the defining equation for s(p) does not depend
on « for perfect absorbers.

Now using the fact that s(0)=0, we can integrate Eq. (48)
to obtain
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m

. @2mP

s(p)
2D-2> cos(k,)

In (49)

For small s, we can use standard results for the integral in
Eq. (48) [4]. The results depend on the dimensionality and
the lattice structure.

(i) D=1: Substituting in the small s behavior of the
integral in Eq. (48) [4], we find

d
= <o (50)
dp
For small p, integrating this gives,
s=m*=p?, (51)
which then leads to
==
V2 N2
=—=— (52)
m.p

This is clearly the correct scaling in p, which will be recov-
ered when solving exactly the one-dimensional case (see
Sec. IV A). Formally, the result /[~ p~'? holds for any di-
mension 1 =D < 2. The physical interpretation is clear: the
screening length is simply proportional to the mean distance
between absorbers, a result which will only remain true in
the absence of strong correlation between them.
(i) D=2: Here we find [4]

ds 4
s (53)
dp In(s)
and integrating this for small p, we obtain
4
s=mi= - (54)
In(p)
Hence, the screening length is
2 In
[=—=1/- Lp) (55)
m wp

(iii) D> ?2: Here, the leading order is analytic in p [4],
and we find

ds 1
Z.—— (56)
dp  £(0,0)

—
2D 2Dg(0,0

o ¥2D [2Dg( )' (57)
m p

The term g(0,0) depends explicitly on the dimension and the
lattice structure. For example, for the three dimensional cu-
bic lattice, one has g(0,0)=0.25... [4].

Note that we expect these results to be strongly modified
if the absorbers positions are spatially correlated, a problem
which will be addressed in Sec. V.

Let us comment on the disagreement between the present
results and the one of Ref. [2], presented in Eq. (3). In Ref.
[2], the author first treats the effect of a single absorber on

giving
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the free Green’s function. He then assumes that the total
correction to (k) is simply proportional to the number of
absorbers. This statement is in fact incorrect, as absorbers far
away from the introduced random walker should have a neg-
ligible contribution. Indeed, the walker should be absorbed
well before being able to visit the regions where they stand.
This is actually the effect of screening, that our renormaliza-
tion approach effectively captures. In addition, Eq. 18 in Ref.
[2], which leads to the final result of Eq. (3), does not make
any sense in the small p limit, and it seems that the opposite
non physical limit was in fact taken.

Finally, we can extend our formalism to the case of im-
perfect absorbers, corresponding to a finite value of . The
penetration length / is now expected to depend explicitly on
the diffusion constant «. Using Eq. (40), we find that the
Green’s function still takes the form of Eq. (47), but with
s(p) now satisfying

f” dk 1 -

= o+ )

dp = 2m7op 2> cos(k,) + s(p)
"

(58)

with
K
=—>0. 59
N (59)

In one and two dimensions a random walk is recurrent and
visits any position a large number of times. If the density of
absorbers is small enough, a particle will visit the first ab-
sorber encountered a large number of times before making
an excursion sufficiently far away from this first absorber
and visiting a region occupied by a different absorber. This
means that most particles are absorbed by the first absorber
encountered and thus the effect of a finite A should become
irrelevant in D=2, when p—0.
In D=1, we find the explicit result

Vs + 85 =p, (60)
which leads to
2\26
AL L 61)
Vi+46p-1

Hence, for p< 87!, we recover the result of Eq. (52).
In D=2, Eq. (58) leads to

1
{3-52)=»

l:\/—m+4—5. (63)
™ P

For p<exp(—4md), we recover the result of Eq. (55).
Finally for D >2, considering imperfect absorbers deeply
affects the result of Eq. (57). Indeed, we obtain

or
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1o /2D[g(01;0) + 5]' (64)

Note that in all dimensions, we find that the penetration
length is an increasing function of =7, as physically ex-
pected.

IV. THE SCREENING LENGTH IN THE CONTINUUM
A. Delta function absorbers in one dimension

We consider a system where the particle performs con-
tinuous Brownian motion in one dimension. It makes perfect
sense to take an absorbing potential of the form

N
V(x) =\, Sx—ay), (65)
i=1

corresponding to pointlike absorbers. Here, we consider the
case where the random walker is absorbed with probability
one at each absorbing site, that is to say the limit A — +°.
Without loss of generality, we set k=1, since the final ex-
pression of [ for perfect absorbers cannot depend on the
value of «, whatever the spatial dimension. As in the preced-
ing section, we apply the cavity approach to calculate the
renormalization of the Green’s function by the addition of an
extra absorber at ay,;. We apply again the method of Sec.
III, which leads to the recurrence equation

dg _ gp.k)
dp  g(p,0)’

where the continuous Fourier transform of g is defined as

(66)

1 ee]
g(p,x) = by f dk exp(ikx)g(p,k). (67)

The solution of Eq. (66) is given by

= (68)
8 +s(p)
where s satisfies
d —
8o\, (69)
dp

]=—=-=, (70)

We also obtain the explicit form

(k) = —2—
plk) = i (71)

which gives the distribution of Y, the displacement from the
starting position to the point of absorption, to be

ply) = g exp(- plyl). (72)
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In fact, in this one dimensional case, the distribution of Y
can be computed exactly. A random walker starting from x
=0, we denote by b the closest absorbing site to the right and
by —a the closest absorbing site to the left. Standard results
on Brownian motion [5] tell us that the probability of hitting
b before —a is

a

= . 73
Po a+b (73)

This means that the probability density function for Y before
averaging over the disorder is simply

PO =~ y-b)+ oy +a).  (74)
a+b a+b

The disordered averaged density p(y) is now given by

() =P s (75)

where the angled brackets denote the average over the ab-
sorber positions a and b. If the absorbers are placed as a
Poisson point process with rate p, then the probability den-
sity function of a and b is Poissonian

w(x) = p exp(- px). (76)
This yields

p(y) = pexp(-ply|) f dxm
o x+plyl
= pr dx(l - M)exp(— X), (77)
phyl X

showing that in this case the relevant length scale in indeed
I~ p~'. However, we note that the probability density func-
tion given by the mean-field renormalization method is not
exact in one dimension.

A generalization of this one-dimensional model can be
constructed as follows. We take the distribution of lengths L
between the absorbers to be given by g(L). The average in-
terval length is simply related to the density by

p'=(L)= f m dLLg(L). (78)
0

The probability that the particle starts within an interval of
length L has the probability distribution function

L
(L) =~q(L). (79)

(L)
Given that one is in this interval, the position within it is
uniformly distributed. This means that we can write b=L(1

—U) and a=LU, where U is uniformly distributed over
[0,1]. We thus have

P(y)=Udy-L(1-0U)]+(1-U)8(y+LU). (80)

Now performing the disorder average and using the symme-
try of the problem, we find
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1 o
p(y) = J du f dLuQ(L)&|y| - (1 —u)L]
0 0

Lo u vl
=| du—9Q0| — . (81)
Using the explicit form for Q in Eq. (79), we obtain
f dx(l - M)q(x)
v X

p(y)= =
f dx xq(x)

0

(82)

As a check, we set g(x)=p exp(—px) and recover the result
Eq. (77), obtained for the memoryless distribution of Poisso-
nian absorbers.

The above method of calculation also allows for a
straightforward computation of the moments of |Y| which
can be conveniently expressed in terms of the moments of
the distribution g(L). We find

N 2 <Ln+1>
(= (n+1)(n+2) (L) (83)
In particular, we have
2y = (LD
l—(|Y|>—6<L>, (84)
which gives
I=p'=(L), (85)

for uniformly distributed absorbers associated to a Poisso-
nian distribution of intervals.

B. Absorbing spheres in D=2

In this section, we compute the behavior of the distance
traveled before absorption in two dimensions and above. In
this case, we take the absorbers to be spheres of radius a. As
before, we restrict ourselves to the limit where the density of
absorbers p=N/V is small. As in the case of the lattice sys-
tem, we denote by Gy the Green’s function in the presence of
N absorbers and by Gy, the Green’s function obtained when
an extra absorber is placed at the point ay,; which is uni-
formly distributed in the volume V), independently of the
other absorbers. We denote by Uy, (x) the potential due to
the (N+1)th absorber which takes the form

), (86)

where N\ has the same dimension as « divided by a distance.
Uy, is absorbing with strength N on the surface of the
sphere of radius a centered at the point ay,;. In the limit
A — +0, the absorber is a perfect absorber. Combining Eq.
(15) written for Gy and Gy,;, we can find the equation for
Gy, In operator notation as

Ups1(x) =N8la =[x — ay,,

Gy'Gyy1 + Uy Gy =1, (87)

which can be rewritten as
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Gn:1(X,y) = Gy(x,y) — f dzGy(x,2) Uy, (2)Gyyy(2,Y).

(88)

The corresponding equation on the lattice was easy to solve
as the potential was given by a delta function. However, here
we must resort to a further approximation: we assume that
we can set Gy(x,z)=Gy(x,ay,;) and Gy(z,y)
~Gy(ay,,,y) in the above integral over the surface of a
sphere centered at ay, ;. We obtain

Na(D)a"'Gy(x,ay,,)Gy(ay,,y)

Gn:1(X,y) = Gy(x,y) -

>

1+ f dzUy,(2)Gy(z,ay, )

(89)

where (D) is the area of a sphere of unit radius in D di-
mensions. We cannot make the same approximation for the
integral in the denominator as the resulting term would be
proportional to Gy(ay,,ay,;) which is finite on a lattice, but
diverges in the continuous case for D = 2. The finite radius of
the absorbing spheres regularizes the result. Now, in the limit
of large \, we obtain the expression for the renormalization
group flow

o(D)a""'Gy(x,ay,1)Gy(ay,,.y)

deI(z,aNH)GN(Z,aNH)

GN+1(X’y) = GN(X’y) - B
(90)

where

I(x,ay,,) = 5(G—|X—3N+1|)~ (91)

Following the same line of arguments as in the lattice case,
we find that the disorder averaged Green’s function obeys

g __ 2(p.k)
dp gla) ’
where we have used the spherical symmetry of the disorder

averaged Green’s function. For =1, the solution to this
equation is

(92)

g= , 93
§ K+s (93)
where s obeys
ds 1
T (94)
dp  g(a)
and where g(a) must be computed self-consistently.
(i) D=2: In two dimensions, we have
1 r
g(r)= Z—Ko(\'sr), (95)
a

where K(x) is the Bessel function of the second kind of
order 0 [6]. We thus have
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FIG. 1. Plot of {|]Y|) (bottom full circles) and /= \,'m (top full
circles) obtained from numerical simulations in D=2. Each point is
obtained from the average over at least 10% random walker trajec-
tories, and we used several samples totalizing at least 10° uniformly
distributed absorbers. Error bars are much smaller than the size of
the circles. We compare these data to the functional forms of Eqgs.
(99) and (100) (full lines), with the cutoff a? being the sole fitting
parameter. For spheres of radius a=1, we find that both curves are
well fitted with an effective value of a®>~2.2.

@_ 27T

= (96)
dp~ Ky(\sa)

Assuming that s is sufficiently small, i.e., for sufficiently
small p, we can use the small argument asymptotic form of
K, [6], Ko(u) ~—=In(u), to obtain

ﬁ dar

dp T In(sa?)’ ©7)

where a cutoff of order a” naturally arises. This equation can
be integrated up to the leading order, yielding

) 41p

m :S%_ln(pTz)' (98)

We thus find the same functional form as in the lattice case.
After some algebra, we find the following results for the
lowest order moments:

1 In(pa®)
(Y=~ (99)
and
5 In(pa®
I (Y% = | e (100)
p
The above calculation actually gives the full distribution for
Y. If r=|Y|, then the probability density function for R is
given by

p(r) = m*rKy(mr), (101)

where m is given by Eq. (98). In the case of imperfect ab-
sorbers (finite A), the present results are not affected pro-
vided that p is small enough [-&/In(p) < 1].

In Fig. 1, we plot the two first moments of |Y|, as found
from numerical simulations. We find a perfect agreement
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with Egs. (99) and (100), indicating that the theoretically
predicted constant prefactors of the p dependence are in fact
probably exact in the small density limit. Numerically, in
order to access to the low density regime, we use the follow-
ing algorithm which has been introduced in the context of
DLA [12]. Before performing the next move of our Brown-
ian walker, we look for the nearest absorber (by inspection of
a grid keeping track of the coarse-grained absorber density),
say found at the distance d. We then deposit the random
walker anywhere on the circle of radius d-a centered at its
current position. Indeed, the first position where the walker
would cross the perimeter is uniformly distributed on the
circle. The random walker is absorbed when the new dis-
tance to its nearest absorber is d <a(1+¢), where ¢ is small
enough (typically, we took e=1073, and a=1). Note that if
we were to actually simulate the random walker trajectory
before it reaches the perimeter, the program would take a
running time larger by a factor d”/dt, where dt is the time
increment. When accessing to density of order p~ 107, and
using a time step of order dt~ 1073, this factor is of order
10°, which gives an idea of the huge gain achieved by using
this algorithm. All the simulations performed in this paper
use variants of this algorithm.
(i) D=3: In this case, we find

1 -
g(r) = — exp(— Vsr). (102)
4r
For small s, Eq. (94) yields
m?=s = 4map, (103)

and we again see that the functional dependence is the same
as for the lattice case. The lowest order moments are given

by
1
(Yhp=~/—. (104)
Tpa
and
— | 3
= r’ 2 =
1=(Y?) ry— (105)

For imperfect absorbers, the result now depends on the dif-

fusion constant
3 K
[= 1+—.
21pa \a

The radial distribution function for Y takes the explicit form

(106)

p(r) =m?r exp(—mr). (107)

In Fig. 2, we plot the two first moments of |Y|, as found from
numerical simulations. We find a perfect agreement with
Egs. (104) and (105), indicating that these expressions are
again probably exact in the small density limit. In Fig. 3, we
plot the numerical probability density distribution p(r) for
p=107°, which compares very well with our analytical re-
sult of Eq. (107).
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FIG. 2. Plot {|Y|) (bottom full circles) and I=+{Y2) (top full
circles) obtained from numerical simulations in D=3. We compare
these data to the functional forms of Egs. (104) and (105) (straight
dotted lines), finding a good agreement at small density. Note that a
very good fit can be obtained in the entire range of density by using
the functional form Ig=/ipeory—1o, Where Iy~ 1, for a=1 (full lines).

(iii) D>3: In higher dimensions, we find the same
qualitative behavior as in D=3. In particular, the screening

length is
o
~ N o(D)paP?’

and is amplified by a factor \'1+5% for imperfect absorbers.

(108)

V. THE CASE OF STRONGLY CORRELATED
ABSORBERS

A. Exact result in one dimension

In this section, we consider the case of a nonuniform dis-
tribution of absorbers displaying long range density-density
correlations. In one dimension, such a situation arises natu-
rally when the distribution of intervals g(L) between absorb-
ers decays as a power law up to a distance &, which is much

10°

T T T L v g T T T

107

p(x)

6lul v v sl RSt R E eI

- ool
10781 - -
10° 107 10" 10° 10'
X

FIG. 3. In three dimensions and for p=1075, we plot the numeri-
cal probability density distribution of the distance traveled before
absorption normalized by its average, x=Y/(Y) (full line), obtained
after running a total of 2 X 108 random walkers. It is in very good
agreement with the theoretical expression of Eq. (107), which leads
to p(x)=4x exp(—2x) (dashed line).
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larger than the mean distance between absorbers p~'. Hence,
we take the typical form

l-a

a
Lz_a exp(_ ng) ’

q(L) ~(1-a) (109)
for L larger than a small scale cutoff a (a should not be
confused with the size of absorbers, which is irrelevant for
perfect absorbers in D=1; here we consider pointlike absorb-
ers). We only consider

0<a<l. (110)

The condition <1 ensures that g(L) can be normalized
even in the limit {— o, whereas a>0 implies that the first
moment diverges in this limit,

l-«a

(Ly=p™'=——a'"¢ (111)
Since <1, £ is indeed much larger than the mean distance
between absorbers for small p. If the intervals between ab-
sorbers are drawn independently with the distribution g(L),

the density correlation function C(r)={p(r)p(0)) can be

computed exactly, through its Laplace transform C(s), which
is simply related to the Laplace transform of g(L) by the
relation [7]
2 4(s)
Cls)=p———.
1-4(s)
Hence in real space, the connected density correlation be-
haves like

(112)

aa—l

(p(r)p(0)) - p* ~ p— exp(-r/é). (113)

roz

Now applying the general result of Eq. (84), we obtain

o
l= — -l —l/a.
V 6(01+2)§ a P

In one dimension, we find that the screening length scales as
the correlation length, which is much larger than the screen-
ing length obtained in the uniform case. In the next sections,
we shall illustrate the fact that this very same result should
apply in higher dimensions.

(114)

B. A heuristic argument in higher dimensions

We consider a system where the absorbers are distributed
via a physical process which leads to long-range spatial cor-
relations between them. Typical examples are given by di-
rected percolation (see the next section), percolation or DLA,
the latter being briefly discussed in Sec. VI. In general, the
presence of correlations makes the problem much more dif-
ficult to treat analytically. Here, we present a semiphenom-
enological approach based on our mean-field renormalization
method, which applies in the case where correlations mani-
fest themselves as a clustering phenomena. We define the
spatial correlation function as

PHYSICAL REVIEW E 73, 066130 (2006)

(p(r)p(0)) = pc(r) + p?, (115)

where the normalized connected correlation function ¢(r) is
assumed to behave qualitatively as

o(r) ~ exp(r—a rlé) ,

(116)
where ¢ is the correlation length of the system. We also
assume that the system is isotropic. A relationship between
the density and £ is found by associating ¢ as the character-
istic distance where the connected part of the above correla-
tion function, the first term in Eq. (115), is of the same order
as the second term. This gives

p~&°

We implicitly consider the case where ¢ is much bigger than

(117)

the mean distance between absorbers, which scales as p~'/".
Hence, we will assume from now on that
a<D. (118)

The regime of small density thus obviously corresponds to a
regime where the correlation length is large, for instance near
a continuous transition. If the correlation is manifested by
the formation of clusters, then the typical number of absorb-
ers in a cluster is given by

M, = f c(r)dr ~ &2, (119)
which is divergent as é— 0, since @ <<D. If N, is the number
of clusters in the volume V), the total number of absorbers is
given by N~ N &%, which leads to the cluster density

pe~ p&* P~ &P

This last result expresses the fact that the typical distance
between clusters of absorbers is of order £. We thus expect to
find large empty regions in the system, whose linear size is
of order & which is, again, much bigger than the mean dis-
tance between absorbers. In what follows, we will repeat our
renormalization calculation but in terms of the cluster num-
ber. As a starting point, we will use the approximation of Eq.
(89), where the potential V is concentrated at the center of
the clusters and will take the form

(120)

V(r)=\ (121)

exp(— /)
—
which is simply proportional to the mean density of absorb-
ers for a cluster whose center is at r=0. For large A, the flow
equation in p, leads to the same functional form for g as
before, but the corresponding equation for s=m? is now

f c(ryrPlar

om” _

e (122)
Pe f c(rg(r)rP'dr

We first consider the case a<<2. In the limit of small m and
large &, we find
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2
&l — é;D—a(m + é—l)Z—a —_ gD—2(1 +m§)2—a’

p (123)

where we have used g(r) ~exp(—mr)/r®=2. Using the rela-
tion p,~ &P, we finally obtain

J
mga—gl ~(1+md>e. (124)

This homogeneous equation admits the obvious solution

m~ ¢, (125)
leading to

[~ g,\, al—D/ap—I/a’ (126)

where we have reintroduced the dependence on the absorber
radius a.

In the case where o> 2, the integral in the denominator of
the right-hand side of Eq. (122) converges and we simply get

m* ~ p P~ £~ p, (127)

or

1-D/2 —1/2

[~a p e, (128)

which is the result for uncorrelated absorbers.

For a=2 or D=2, the calculation above leads to logarith-
mic corrections in the expression of /. Considering the crude-
ness of our argument, we do not believe it is worth detailing
the nature of these corrections.

In conclusion, the present results suggest that the screen-
ing length for a correlated system is either the correlation
length ¢ (a<<2) or the screening length found in the uncor-
related case (@>2). This result can be expressed in a syn-
thetic way by

1-D/2 _—1/2
p ),

[~ max(&,a (129)

with logarithmic corrections for the uncorrelated result in
D=2, which were obtained analytically in Sec. IV.

C. Numerical results for a critical distribution of absorbers
arising from directed percolation

In this section, we will test the ideas presented above by
considering a correlated distribution of absorbers generated
by the active sites remaining at time ¢, at the critical point of
directed percolation [8].

Let us briefly introduce directed percolation on a
D-dimensional hypercubic lattice. Lattice sites are empty (in-
active) or occupied by a particle (active). At time 7, each site
is visited in a parallel dynamics. If the site is occupied, the
particle is copied on its 2D neighbors with probability p, or
removed with probability 1—p. If at least one particle has
been copied on a given site, this site is simply considered as
occupied, and empty otherwise. If p is large enough, a finite
stationary density of particles p establishes itself for large
time. On the contrary, for small enough p, the density decays
exponentially with time. In fact, there exists a critical value
p. for which the system is critical: the density decreases
algebraically, and the spatial (and temporal) correlation

PHYSICAL REVIEW E 73, 066130 (2006)

length diverges with time. This defines the critical exponents
dand z,

p~17? E~1'", (130)

and the density correlation function has the typical form in-
troduced in Egs. (115) and (116), with

a=8;. (131)

We have performed extensive numerical simulations of
directed percolation at the critical point and considered the
active sites present at several fixed times. When any of these
times is reached, we stop the simulation and launch a large
number of random walkers which are absorbed by the active
sites. We then measure {|Y|) and the screening length
l =Vm, which are found to be proportional. Finally, the
directed percolation dynamics is resumed until the next sam-
pling time is reached, permitting us to explore systems with
smaller and smaller densities, and increasing correlation
length. We have performed our simulations in D=2 and D
=3, since our D=1 result being exact, there is no doubt that
the relation /~ & should be satisfied in this case. For D <4
(D.=4 is the critical dimension above which mean-field
theory becomes exact), we have a<2. Interestingly, the
equality a=2 holds exactly in D=4 and above (6=1 and
z=2), so that for D=4, we recover the result l~p‘”2, iden-
tical to the uncorrelated case. This is comforting, as correla-
tions are known to become irrelevant above the upper critical
dimension. For the dimensions of interest here, one has [8]

(132)

In Fig. 4, we plot [=\(Y2)~(|Y|) as a function of p, and
find a fair agreement with our prediction /~ p~/%. The nu-
merical data are consistent with a subleading correction of
order p~/? (the uncorrelated result), although the rather
strong curvature observed in D=2 could be as well ascribed
to subleading logarithmic corrections mentioned at the end
of Sec. VB.

We have also measured the average void size . We pick
a point at random in space and determine the radius of the
largest disk (in D=2) or sphere (in D=3) which does not
contain any absorber. In D=1 [see Eq. (83)], this is exactly a
measure of ¢ since

ap_, = 079, ap-_j3 ~ 1.39.

2
YD 3oy~ i~

)\=4<L) T4

(133)

In higher dimension, we expect this property to hold, since A
measures the typical distance between absorber clusters, as
discussed in Sec. V B, which was found to be of order &. In
fact, we postulate the more general result

—1/D)‘

N ~ max(§,p (134)

Figure 5 illustrates the very convincing linear relation found
numerically between / and \, implying [/~ & Note that we

have the obvious bound
[> N\, (135)

as a particle cannot be absorbed in empty regions.
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FIG. 4. Plot of [= \,'m obtained from numerical simulations of
directed percolation in D=2 (top dots; 30 samples on a 4000 lat-
tice) and D=3 (bottom dots; 70 samples on a 300 lattice). Each
point corresponds to an average over a total of 107—10% random
walkers, and error bars are smaller than the size of the dots, except
for the smallest densities in D=2, where both are of the same order.
The dashed lines have the expected slopes 1/a=(8z)~!. In both
cases, the initial curvature can be well captured by a two-parameter
fit to the functional form /=Ap~"*+Bp~"2, where the second term
corresponds to the uncorrelated screening length (full lines). Note
that the stronger curvature in D=2 could as well be due to sublead-
ing logarithmic corrections as suggested in Sec. V B. The dotted
line represents the slope —1/2, which is the expected result in the
uncorrelated case, and which holds for D=4.

D. Exact results for some tubular structures in D=2

In this section, we consider a specific geometry in D=2
where the screening length can be computed exactly, con-
firming our general result of Eq. (129).

Let us start by describing the model in D=2. We consider
one-dimensional semi-infinite half-lines (x>0) of absorbers

10°

1000 I llx|x|||1 I

10 10 107
A

Lo L

FIG. 5. Plot of [= V’m obtained from numerical simulations of
directed percolation in D=2 (bottom dots) and D=3 (top dots) as a
function of the average void size \ (see text), which is expected to
be an alternative measure of & The fits to the linear functional form
[=AN+B are excellent (full lines). The curvature is due to our
choice of a log-log plot, in order to show that the linear fit works
well in the entire range of N. Note that N also seems to share the
same statistical fluctuations as &, so that ¢ as a function of N\ in D
=2 is much smoother than when expressed as a function of p (com-
pare with Fig. 4, for very small p).
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separated by a distance L drawn independently with the dis-
tribution ¢(L). Random walkers start from x<0, and the
screening length / is defined as the average depth reached by
the walkers before being absorbed. In this context, / can be
also viewed as a penetration length, similar to the one de-
fined for DLA (see Sec. VI). A random walker penetrating a
channel of width L will be absorbed at a depth of order L, the
only relevant length scale. Actually, the random walker den-
sity u in the tube can be computed exactly, by solving the
system

Viu=0, (136)
with the absorbing condition for x>0
u(x,y=0)=u(x,y=L)=0, (137)

and a constant input of walkers at the entrance of the tube
u(x=0,0=y=L)=1. (138)

Using discrete Fourier transform along the direction y, we
arrive at the result

" >_i§ 1 Sin<(2n+l)ﬂ'y)ex (_(2n+1)77x>
R L P L )

(139)

which can also be written as a cumbersome expression in-
volving standard In and arctan functions. The flux of par-
ticles deposited at the depth x is

4

¢ =22 (e, 0) = ———, (140)
% L sinh<2>

which decays exponentially over the scale L. The average
deposition depth is then

l(L):fw hdx (141)

0 . mX
L sinh| —
L

If we have an array of such channels, the probability that
a walker first enters a channel of width L is
L
(L)

If we neglect the process where a random walker leaves this
first channel to be absorbed in another one, we find

+o0 2
(L)
l=f oL)(L)dL ==,
0 (L)
where (L) is the inverse of the absorber density p. If g(L)
decreases rapidly, (L?) ~ p~2, and we find

O(L) = —q(L). (142)

(143)

I~pL. (144)

In this geometry, the absorbers are highly correlated since
they accumulate on lines. Note that the correlation function
averaged over angle initially decreases as r~!, so that Eq.
(144) is fully consistent with our general result for a=1.
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FIG. 6. We consider a semi-infinite tubular system in D=2 (see
text), where the tube width distribution is g(L)~L*?2, for L
e[1,€&]. For a=3/4, we plot {|Y|) (bottom dots) and lz\s’m (top
dots) as a function of the correlation length & The fits to the linear
functional form [=A&+B are excellent (full lines). We also show
(Ly=p~" (dashed line), which behaves as &%, for large £ Each point
is an average over at least 10° random walkers, involving a total of
107 absorbing tubes, so that the error bars are much smaller than the
size of the points.

Finally, if the width distribution has a power law decay as in
Eq. (109), Eq. (143) leads to

[~ §~ p—lla’

again in perfect agreement with our general result.

In Fig. 6, we present numerical simulations of this two-
dimensional tubular system. The data are in perfect agree-
ment with Eq. (145), showing that the processes involving
particles leaving a tube to be absorbed in another one do not
affect our general result.

This model can be generalized in higher dimensions in the
following way. We consider linear tubes whose
(D-1)-dimensional surface is perfectly absorbing. A
(D—-1)-dimensional cut of the system has the structure of a
network of (D—1)-dimensional “rectangular” cells of edge
length L, L,,..., Lp_;, which are drawn independently using
the same probability distribution g(L). The absorbers are
placed on the (D-2)-dimensional surface of these cells (see
Fig. 7). The density of absorbers is still

(145)

p=(L)". (146)

The solution of the diffusion problem in each tube is simply

M(.X,yl, cee ’yD—l)

=(i>D_l § Lﬁl 1 in<(2nj+1)7ryj>

S
m ny...np_1=0 j=1 2nj+1 L;

7

[D-1 N
Xexp(— X E (an—:l))’ (147)
k=1 Ly

which decays exponentially on the scale /(L), with

PHYSICAL REVIEW E 73, 066130 (2006)

Ly

Ly

FIG. 7. In the tubular model introduced in Sec. V D, the struc-
ture consists of linear tubes whose (D—1)-dimensional section is a
cross product generated by D—1 linear chains. The absorbers lives
on the (D-2)-dimensional surface of “rectangles” of size L; XL,
X -+ X Lp_;. The figure shows a view from the top of the structure
in D=3, where the sections of the tubes are true rectangles. In the
model of Sec. V E, the D-dimensional structure is generated by
placing the absorbers at the intersection of the product of D linear
chains. The figure shows the absorbers (dots) in D=2.

I(L)= min L, (148)

j=l....p-1 "’

Hence, neglecting again processes where a walker leaves the
first tube it enters to be absorbed elsewhere, the average
penetration length is

400
l= <L>_(D_1)J dLminerninq(Lmin) (f
(

0 L

+00 D-2
dLLq(L)) )

(149)
If g(L) decays rapidly for L>>(L), this integral leads to
I~{L)y~p L
However, if g(L) takes the form of Eq. (109), we find

(150)

[ ~(L)y"P-D f dLL*L*7? exp(— LI&)[L® exp(— L/&)]°72,
0

(151)

~<L>—(D—1)§(D—l)a+l — g’ (152)

where we have used the fact that (L)~ &~ p~!. We again
find /~¢& in agreement with our general argument for
strongly correlated absorbers.

E. Exact results for a product distribution of absorbers
inD=2
In this section, we consider a system for which absorbers
are placed at the intersections of the product of D linear

chains (see Fig. 7). Each chain has its intervals drawn from
the distribution ¢(L). The density of absorbers reads

p=(L)".

If the distribution g(L) decreases rapidly on the scale of (L),
it is clear that this system will behave similarly to a uniform
distribution of absorbers, leading to [~ p‘” 2 Hence, we as-

(153)
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sume that the distribution of intervals is of the form

q(L) ~ LD exp(- L1§). (154)

We shall see below that «<<2 will lead to [~ &, whereas the
uncorrelated result is recovered for a>?2. The correlation
function can be exactly computed, since the density is the
cross product of D independent densities

D
pxpO) =11 Ctx), x=(xp,....xp),  (155)
i=1

where C(x) is the one-dimensional correlation function,
which can be exactly computed in terms of the Laplace trans-
form of g(L) [see Eq. (112)]. After performing an average
over angle, the correlation is found to qualitatively behave as

(pp(0) - ~ Lexp(=r1e). (156)
In the present model, the average void size introduced in
Sec. V C is defined as the radius of the largest hypercube that
does not contain any absorbers, averaged over the position of
the center of the hypercube. A simple calculation leads to the
generalization of Eq. (133). If the center x=(x,...,xp)
(x;€[0;L;]) is drawn randomly in a cell of size L; XL,
X +++ X L, with all 2P corners occupied by an absorber, the
largest hypercube not containing any absorber has a radius

d(x)= min min(x,L; — xp). (157)

k=1,....D
In order to simplify our calculation, we replace the actual
expression of d(x), by

d(x) =min(x, Ly —x;), Ly= min L;, (158)
i=1.....D

Jj=1..
which behaves essentially in the same manner as the original
expression. Since the average of d(x) over the position x of
the center is L, /4, we finally get

1 i
A= Z<L>_Df dLminerniHQ(Lmin) ( J

0 L

+o0 D-1
dLLq(L)) )

(159)

Interestingly, Eq. (159) is the same (up to the 1/4 factor) as
the expression obtained for / in the preceding section [see
Eq. (149)], except that D—1 is now replaced by D. Hence, if
a<2, we conclude that

[>N~&~p e (160)

In fact, our previous results suggest that /~\ ~ £ again. Fi-
nally, note that in an homogeneous correlated system, Eq.
(159) shows that the distribution of the void linear sizes is
typically of the form

a-1

o) ~ Lga exp(= L/4),

(161)

which is identical to the void size distribution Q(L) obtained
in D=1 [see Eq. (79)].

Note that in D>2, we can obtain a regime where the
correlation length is large compared to the average distance
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FIG. 8. Plot of /= \"’m as a function of ¢ obtained from nu-
merical simulations (full circles) for the model where absorbers are
placed at the intersections of the cross product of D linear chains in
D=3. For a=2.4>2 (top circles and curves), we find an asymptotic
slope [~ 92~ p~172 (top dashed line). The fit to the functional form
I=A&Y?+ B¢ (top full line; where the linear correction corresponds
to the correlated result) is excellent. As a guide to the eye, we show
the line of slope unity corresponding to the correlated regime /~ &
(top dotted line). For a=1.5<2 (bottom circles and curves), we
find that [=A£ fits perfectly the data (bottom full line). We also plot
a line of slope @/2=0.75 (bottom dotted line) to illustrate that [
~ & grows much faster than the uncorrelated screening length p~!/2.

[

H
O.—-

between absorbers, but is still smaller than the uncorrelated
screening length,

p P <t p 2 (162)
This regime corresponds to values of « satisfying,
2<a<D. (163)

In this case, although there are long-range correlations in the
system, our argument of Sec. V B predicts that the uncorre-
lated result [~ p~'>~ £¥2 should hold. In Fig. 8, we measure
numerically / as a function of ¢ for the model studied in the
present section, and in D=3. In perfect agreement with our
general result of Eq. (129), we find that [~ & for a=1.5<2,
whereas l~p‘”2 for a=2.4>2. Note that in both cases, we
find A~ &> p~""P (not shown).

F. Temporal decay of the density of random walkers
for a correlated density of absorbers

In this section, we address the generalization of Eq. (1)
for a strongly correlated distribution of absorbers in D di-
mensions. We shall adapt to the present problem the usual
variational argument [1] leading to Eq. (1). Note that the
effect of short range clustering on the density of surviving
random walkers has been studied quantitatively in Ref. [9].

Imagine that one releases a random walker of diffusion
constant « in a hypercubic region of linear size L not con-
taining any absorber (a void). Its survival probability is
larger than the survival probability computed assuming that
the boundary of the void is perfectly absorbing. This prob-
ability behaves like P(r) ~exp(—xkit), where k; is the low-
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est mode of the diffusion equation in the hypercubic domain
delimited by the void, with absorbing boundary conditions
on the surface. All the D coordinates of k; are equal to 7L,
By actually solving the diffusion equation mentioned above
with a uniform initial position of the random walker, we
obtain an exact bound of the form

WZKDI)’ (164)

Ap
P(r) > Iz exp(— IE
where A is some constant which does not depend on L.
Finally, and after averaging over the void size distribution
Q(L), we find an exact bound for the density of surviving
walkers

n(t) > ADJ“’ Q(L)exp(— ﬂ'ZKL—D;)dL. (165)
0

It is commonly conjectured that this kind of bound actually
captures the correct asymptotic behavior of n(r) [1].

Let us now assume a distribution of hypercubic void sizes
of the form found in Eq. (161),

a—-1
ga
In D=1, or in the preceding section, we considered a cutoff

function F(x)=exp(—x). Here, we will consider the more
general case

QL) ~ —F(LI§). (166)

F(x) =exp(-x?), (167)

where the value y=D is a natural example: LP/& is the
volume of the void divided by the correlation volume, an
equivalent of the term pL” obtained in the usual uncorrelated
case [see Eq. (2)].

Dropping all unimportant numerical constants for the sake
of clarity, we obtain

n(t) —~ J+oo L—D—l+a exp|:— g — (§>7:|dL (168)

0

Applying a saddle-point argument, and dropping subleading
corrections, we finally find that

Kt ¥I(y+2)
n(t) ~exp| = Cp| .
3
We obtain a stretched exponential decay like in the uncorre-
lated case, but more importantly, we find that the time scale

7 over which the density decays is now controlled by the
correlation length

(169)

§2

T=",

(170)

instead of the density p, as obtained in the uncorrelated case

~2/D
p

K

T=

(171)
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VI. PENETRATION LENGTH FOR DLA

There have been several attempts to measure the screen-
ing length of DLA clusters [10] of gyration radius R [11-15].
In this section, we show that the methods used so far do not
effectively measure /. We will propose a theoretical estimate
for [ as well as a possible numerical method in order to
measure it properly.

First of all, let us briefly mention how DLA clusters are
grown in dimension D=2. One first places a seed at the
origin, for instance a D-dimensional sphere of radius a. A
random walker (of same radius «) is launched from far away
and wanders until it touches the seed, whereupon it sticks to
it. Then, another random walker is released, which sticks
upon contact with any of the quenched particles. This pro-
cess goes on, leading to the formation of fractal clusters of
dimension D;<D (and presumably, D;>D~1 [10]), defined
as

N ~ RPr, (172)

where N is the number of particles in the cluster. We imme-
diately note that for an incoming random walker, the points
at a distance 2a from the already formed structure acts like
absorbers. Hence, it is tempting to introduce a screening
length [ [11,12], measuring how deep the random walkers
penetrate the cluster before sticking to it. However, contrary
to the systems studied so far in this paper, which were infi-
nite and homogeneous, a DLA cluster is finite and its density
from the center decays in average as

p(r) ~ =Ly, (173)

The determination of / is an important matter, being often an
essential ingredient in the theoretical attempts to determine
Dy. Although mean-field theories are based on contradicting
estimates for [, typically [ ~RP~Pr[2,16] or [~RP-PI2[17],
they mostly consider that /<< R. However, there is now con-
vincing numerical evidence [12-14] showing that

I~R, (174)

at least in D=2, and probably in D=3. To understand this
result, it is worth mentioning the commonly used method to
determine [ [12,13]. A cluster of large size R is first grown.
Then a large number of independent random walkers are
released. If one of them touches a particle of the cluster, it
simply vanishes, and its last position is recorded. The distri-
bution of the positions of absorption is thus obtained and its
standard deviation is considered as a measure of [ (before or
after averaging over many clusters having the same number
of particles). Although a certain consensus seems to exist in
the literature, we do not believe that this variance is a faithful
measure of /. To see this, let us consider the simple example
of a perfectly absorbing ellipse in D=2 of aspect ratio e
>1 and main axis R. Any method to measure / should re-
trieve the trivial result that /=0 in this case. However, the
method presented above would obviously lead to [~ R! It is
correct that DLA clusters grown in the continuum are statis-
tically isotropic. However, for a given cluster, the fluctuation
of the length of the main branches are typically of size R,
leading to an automatic numerical evaluation of /~R. In
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other words, even if the random walkers were only absorbed
near the tip of these branches, physically implying a very
small value of [, the current method of estimating / would
invariably lead to [~R.

As an alternative method (but which might prove as inef-
fective as the one above), we propose that one should mea-
sure the distance of penetration from the convex hull of the
cluster, and to measure the variance of this length before
averaging over many clusters. At least, this method gives the
correct result for the ellipse (its own convex hull), that is,
[=0.

Finally, inspired by the general conclusions of the preced-
ing sections, we would like to give three related arguments in
favor of the result /~ R, which we think is correct, although
it is argued that the available numerical simulations using the
method exposed above are not conclusive on this matter.
Particles in a DLA cluster are obviously strongly correlated,
arranging themselves in highly ramified structures. It is thus
tempting to apply some of our result to this situation:

(i) There is no finite correlation length in a DLA cluster
except, rather trivially, for the size of the cluster itself. For
long-range correlations, we have found that [~ &~R.

(ii) In a DLA cluster, the density correlation function de-
cays as c(r)~r~% with a=D-D;. Our study suggests that
[~ p~Y*~R [see Eq. (173)].

(iii) Since a DLA cluster is fractal, the largest voids inside
it are of typical linear size A ~ R. In homogeneous structures,
[> N\, which suggests again that for DLA, [~R.

VII. CONCLUSION

In this paper, we have justified analytically the heuristic
argument presented in the introduction to estimate the
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screening length in a system of uniformly distributed perfect
or imperfect absorbers. Our results in D=2 and D=3 are in
excellent agreement with numerical simulations. Even the
numerical prefactors of the two first moments are surpris-
ingly well described by our approach. As a further check,
we found that the theoretical distribution of the distances
of absorption is in perfect agreement with numerical simula-
tions.

For correlated absorbers, our analytical approach is not as
rigorous as in the uncorrelated case, although we supple-
mented our heuristic argument with the exact solution in
D=1 as well as for two toy models in D>1, which fully
confirm our general results. We find that if the density
correlation function decays with an exponent a (@<2 in
D=2, and a<l1 in D=1) up to the correlation length
&~ p~V@ then the screening length scales as [~ &~ \, where
N is the average void linear size. These results were con-
firmed numerically in directed percolation, where the active
sites play the role of the absorbers.

Finally, we have argued that for DLA, the penetration or
screening length / should be of the same order as the linear
size R of a cluster. We have also emphasized that the current
numerical method of determining /, although finding just
[~ R, could hardly lead to any other result. As a more appro-
priate method, we propose measuring the distance of pen-
etration from the convex hull of the cluster, and to define [ as
the standard deviation of this length before averaging over
many clusters. With this definition, the behavior of / as a
function of the cluster radius R is certainly a question worth
investigating [18].
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